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Abstract
We consider flux vacua for type IIB orientifold compactifications and study
their interplay with the tadpole-cancellation condition. As a concrete ex-
ample we focus on T6/Z2 × Z2, for which we find that solutions to the F-
term equations at weak coupling, large complex structure and large volume
require large flux contributions. Such contributions are however strongly
disfavored by the tadpole-cancellation condition. We furthermore find that
solutions which stabilize moduli in this perturbatively-controlled regime are
only a very small fraction of all solutions, and that the space of solutions is
not homogenous but shows characteristic void structures and vacua concen-
trated on submanifolds.
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1 Introduction
String theory is argued to be a consistent theory of quantum gravity including
gauge interactions. It is defined in ten space-time dimensions, and in order to
make a connection to four-dimensional physics six spatial dimensions have to
be compactified. Such compactifications have to satisfy a number of consistency
conditions, for instance, in the presence of D-branes and closed-string fluxes the
tadpole-cancellation condition and the Freed-Witten anomaly-cancellation condi-
tion have to be satisfied. (For a review of the former see [1] and for the latter
see [2].) These conditions relate the closed- and open-string sectors to each other
and put strong restrictions on the allowed background configurations. More con-
cretely,
1. compactifications of string theory to four dimensions are typically performed
on Calabi-Yau three-folds. The resulting effective theory contains a number
of massless scalar fields corresponding to deformations of the background,
which should be absent due to experimental constraints. A way to achieve
this for type II theories is to deform the background geometry by Neveu-
Schwarz–Neveu-Schwarz (NS-NS) and Ramond-Ramond (R-R) fluxes, which
generate a potential in the four-dimensional theory and provide mass-terms
for the moduli fields. This procedure is called moduli stabilization, and for
early work in the type IIB context see for instance [3–5] and for work in the
type IIA context see [6–8]. However, especially in the type IIB setting some of
the moduli cannot be stabilized by (geometric) fluxes. One therefore includes
non-perturbative effects which lead to the KKLT [9] and large-volume [10]
scenarios. Moduli stabilization often results in anti-de-Sitter or Minkowski
vacua, while it is difficult to obtain de-Sitter solutions [11].
2. A gauge-theory sector for type II theories can be engineered using D-branes.
D-branes filling four-dimensional space-time and wrapping submanifolds in
the compact space have a gauge theory localized on their world-volume. Chi-
ral matter can be localized at the intersection loci of different D-branes in
the compact space, and in this way four-dimensional gauge theories can be
constructed in a geometric way (for a review see for instance [1]). However,
when introducing D-branes one typically has to perform an orientifold projec-
tion of the theory. The fixed-loci of this projection correspond to orientifold
planes which generically have negative mass and negative charge.
Moduli stabilization and the construction of a gauge-theory sector are two im-
portant aspects of connecting string theory to realistic four-dimensional physics.
These tasks are often approached independently, however, as emphasized for in-
stance in [12], there is a complicated interplay between them. This interplay can
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prevent moduli from being stabilized or can modify the stabilization procedure.
Following this line of thought, the purpose of this paper is to study how parts 1)
and 2) are connected via the tadpole-cancellation condition (schematically)
fluxes = D-branes + O-planes . (1.1)
We approach this question by analyzing how properties of the space of flux
vacua depends on the contribution of fluxes to the left-hand side of (1.1). We
perform our analysis for the type IIB orientifold of T6/Z2 ×Z2, and consider R-R
three-form flux, geometric NS-NS H-flux as well as non-geometric NS-NS Q-flux.
The geometric fluxes generically stabilize the complex-structure moduli and the
axio-dilaton, while the non-geometric fluxes allow for stabilization of the Ka¨hler
moduli. We then determine distributions for how the values of the stabilized
moduli depend on the tadpole contribution of the fluxes. Note that distributions
of flux vacua have been discussed extensively in the literature before. For instance,
for type IIB compactifications various aspects have been studied in [13–24] and
for type IIA related work can be found in [8, 25]. In the context of M-theory
similar questions have been discussed in [26], and for F-theory see [27]. Recently
also topological data analysis has been used to investigate properties of flux vacua
in [28,29]. The main results of our analysis can be summarized as follows:
• We observe that the space of flux vacua is not homogenous but shows char-
acteristic structures such as circular voids [16]. We show furthermore that
solutions can be accumulated on submanifolds in the space of solutions.
• We find that flux configurations which stabilize moduli in a weak-coupling,
large complex-structure and/or large-volume regime are only a very small
fraction of all possible configurations. The number of reliable flux vacua is
therefore much smaller than naively expected.
• In order to stabilize moduli in a weak-coupling, large complex-structure and
large-volume regime, the flux contribution to the left-hand side of tadpole-
cancellation condition (1.1) has to be larger than a certain threshold. The
more reliable these vacua are required to be, the larger this threshold has
to be. However, the contribution of D-branes and orientifold planes to the
right-hand side of (1.1) is typically small. It is therefore difficult to perform
moduli stabilization in a perturbatively-controlled regime and to satisfy the
tadpole-cancellation condition.
Our findings for the structure of the space of flux vacua agree with for instance
[16,29] for the axio-dilaton, but we extend their analysis by including the complex-
structure moduli. Our observation concerning the difficulty of obtaining reliable
4
flux vacua is consistent with for instance [30], who find that type IIB solutions at
weak string-coupling are rare. Similarly, in [31] the authors argue that in order to
avoid a certain runaway behaviour large fluxes have to be considered, also in [32]
large fluxes are needed to obtain reliable solutions, and related difficulties are
encountered in [33].
This work is organized as follows: in section 2 we review type IIB orientifold
compactifications with geometric and non-geometric fluxes, we discuss the cor-
responding tadpole-cancellation conditions, we specialize to the example of the
T6/Z2×Z2 orientifold and determine the relevant dualities. In section 3 we study
moduli stabilization for the axio-dilaton, in section 4 we discuss the combined
moduli stabilization of the axio-dilaton and the complex-structure moduli, and in
section 5 we stabilize all of the closed-string moduli at tree-level. At the end of
sections 3, 4 and 5 we have included brief summaries for each section, which may
help the reader to get an overview of the main results. Our conclusions can be
found in section 6.
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2 Flux compactifications
In this paper we are interested in compactifications of type IIB string theory on
Calabi-Yau orientifolds with geometric and non-geometric fluxes. In order to fix
our notation, we start in sections 2.1 and 2.2 by briefly reviewing orientifold com-
pactifications and tadpole-cancellation conditions for general Calabi-Yau three-
folds. In section 2.3 we specialize to the example of T6/Z2×Z2, and in section 2.4
we discuss duality transformations for this background.
2.1 Orientifold compactifications
Type IIB orientifold compactifications on Calabi-Yau three-folds give rise to a
N = 1 supergravity theory in four dimensions. This theory can be characterized
in terms of a superpotential, Ka¨hler potential and D-term potential, which we
determine in the following.
Calabi-Yau orientifolds
We begin with type IIB string theory on R3,1×X , where X denotes a Calabi-Yau
three-fold. The latter comes with a holomorphic three-form Ω ∈ H3,0(X ) and a
real Ka¨hler form J ∈ H1,1(X ), and to perform an orientifold projection we impose
a holomorphic involution σ on X which acts on Ω and J as
σ∗J = +J , σ∗Ω = −Ω . (2.1)
The involution leaves the non-compact four-dimensional part invariant, and hence
the fixed loci of σ correspond to orientifold three- and seven planes. For the full
orientifold projection σ is combined with ΩP(−1)FL , where ΩP denotes the world-
sheet parity operator and FL is the left-moving fermion number. The latter two
act on the bosonic fields in the following way
ΩP (−1)FL g = + g , ΩP (−1)FL B = −B ,
ΩP (−1)FL φ = + φ , ΩP (−1)FL C2p = (−1)pC2p ,
(2.2)
with g the metric, B the Kalb-Ramond field, φ the dilaton and C2p the Ramond-
Ramond potentials in type IIB. Since σ is an involution, the cohomology groups
of the Calabi-Yau three-fold X split into even and odd eigenspaces as Hp,q(X ) =
Hp,q+ (X ) ⊕ Hp,q− (X ) [34], and for the discussion in this paper we assume that the
corresponding Hodge numbers satisfy
h2,1+ = 0 , h
1,1
− = 0 . (2.3)
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However, more general cases can be considered as well. For the third de-Rham
cohomology group H3−(X ) we choose a symplectic basis as follows
{αI , βI} ,
∫
X
αI ∧ βJ = δIJ , I, J = 0, . . . , h2,1− , (2.4)
with all other pairings vanishing. For the even Dolbeault cohomology groups we
introduce bases
|gX |−1/2dvolX = ω0 ∈ H3,3+ (X ) ,
ωA ∈ H1,1+ (X ) ,
σA ∈ H2,2+ (X ) ,
1 = σ0 ∈ H0,0+ (X ) ,
A = 1, . . . , h1,1+ , (2.5)
where |gX | denotes the determinant of the metric for X . These bases can be chosen
such that they satisfy a condition analogous to (2.4), in particular, we can require
{ωA, σA} ,
∫
X
ωA ∧ σB = δAB , A,B = 0, . . . , h1,1+ . (2.6)
Moduli
When compactifying string theory from ten to four dimensions, the deformations
of the six-dimensional background become dynamical fields in the four-dimensional
theory. These moduli fields are contained in the multiforms [35]
Φ+ = e−φ eB−iJ ,
Φ− = Ω ,
Φ+c = e
BCmod + iReΦ+ , (2.7)
where the sum over all R-R potentials C = ∑pCp has been separated into a
flux contribution and a moduli contribution as C = Cflux + Cmod. Complex scalar
fields τ and TA can be determined by expanding Φ
+
c into its zero- and four-form
components as follows
Φ+c = τ + TAσ
A ≡ TAσA , (2.8)
where T0 ≡ τ is called the axio-dilaton and TA contain the Ka¨hler moduli of X . In
general this expression also contains two-forms anti-invariant under σ, which are
however vanishing due to our choice (2.3). The complex-structure moduli U i with
i = 1, . . . , h2,1− are contained in the holomorphic three-form Ω.
7
Fluxes
We furthermore consider non-vanishing fluxes for the internal space. These are the
R-R three-form flux F = dCflux
∣∣
3
as well as geometric and non-geometric fluxes in
the NS-NS sector. The latter are the three-form flux H, the geometric flux f , and
the non-geometric Q- and R-fluxes. These fluxes can be interpreted as operators
acting on the differential forms as
H ∧ : p-form → (p+ 3)-form ,
f ◦ : p-form → (p+ 1)-form ,
Q • : p-form → (p− 1)-form ,
R x : p-form → (p− 3)-form ,
(2.9)
and can be conveniently summarized using a generalized derivative operator [36]
D = d+H ∧ −f ◦+Q • −Rx . (2.10)
The precise action of the fluxes on the cohomology will be specified below. We
furthermore summarize the action of the combined world-sheet parity and left-
moving fermion number on the fluxes as follows [36,37]
ΩP(−1)FL H = − H ,
ΩP(−1)FL f = + f ,
ΩP(−1)FL Q = − Q ,
ΩP(−1)FL R = + R .
ΩP(−1)FL F = −F , (2.11)
For our assumption (2.3) this implies that f and R are vanishing. We also note
that the R-R and NS-NS three-form fluxes have to satisfy quantization conditions
of the form (see e.g. [38])∫
Γ
F ∈ Z ,
∫
Γ
H ∈ Z , (2.12)
where Γ ∈ H3(X ,Z) is an arbitrary three-cycle on the Calabi-Yau three-fold X .
For orbifolds and orientifolds this condition can be modified, and we come back
to this point on page 16 below. Furthermore, as will be explained in section 2.4,
the NS-NS fluxes are related among each other through T-duality transformations,
and hence also the geometric f - and the non-geometric Q- and R-fluxes should be
appropriately quantized.
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Supergravity data
When compactifying type IIB string theory on orientifolds of Calabi-Yau three-
folds, the resulting four-dimensional effective theory can be described in terms of
N = 1 supergravity [34]. In particular, the Ka¨hler potential takes the following
form
K = − log[−i(τ − τ)]− 2 log Vˆ − log[−i ∫
X
Ω ∧ Ω
]
, (2.13)
where Vˆ denotes the volume of the Calabi-Yau manifold in Einstein frame. The
superpotential is generated by the fluxes and can be expressed using the Mukai
pairing 〈·, ·〉 of the multiforms (2.7) and the generalized derivative (2.10) in the
following way [36,39,23]
W =
∫
X
〈
Φ−, F −DΦ+c
〉
=
∫
X
Ω ∧
[
F − τ H − (Q • σA)TA]. (2.14)
In general, the fluxes (2.9) also generate a D-term potential which can be expressed
using the three-form part of D(ImΦ+) [37] (see also [40]). However, due to (2.11)
the latter belongs to the σ-even third cohomology and vanishes when taking into
account our requirements (2.3). In our setting therefore no D-term potential is
generated.
Bianchi identities and tadpole-cancellation conditions
Finally, the R-R and NS-NS fluxes have to satisfy a number of Bianchi identities.
These can be expressed using the generalized derivative D as follows
D2 = NS-NS sources , DF = R-R sources , (2.15)
where NS-NS sources stand for NS5-branes, Kaluza-Klein monopoles or non-geo-
metric 522-branes (see for instance [41] for a review and collection of references).
However, in this work we assume these to be absent and therefore require D2 =
0. The R-R sources stand for orientifold planes and D-branes, and the second
condition in (2.15) is also known as the tadpole cancellation condition. We discuss
this condition in more detail in the following section.
2.2 Tadpole-cancellation condition
The tadpole-cancellation condition is an important consistency conditions for type
I string theories. It links the closed-string to the open-string sector and puts strong
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constraints on the allowed D-brane configurations (for a review see for instance [1]).
From a conformal-field-theory point of view the tadpole-cancellation condition
ensures the absence of UV divergencies in one-loop amplitudes (see e.g. [42,43] for
textbook reviews) and therefore plays an important role for string theory being
a consistent theory of gravity. From an effective-field-theory point of view, the
tadpole-cancellation condition is the integrated version of the equation of motion
for the R-R potentials and ensures the absence of certain anomalies in type II
orientifold compactifications via the generalized Green-Schwarz mechanism [44].
The tadpole-cancellation condition is thus an important consistency condition for
string compactifications.
Explicit expressions
We now formulate the tadpole-cancellation condition for the setting of the previous
section. The contribution of the R-R-sources can be described using the charges
[45,46]
QDp = ch (F) ∧
√
Aˆ(RT )
Aˆ(RN)
∧ [ΓDp] , QOp = Qp
√
L(RT/4)
L(RN/4) ∧ [ΓOp] ,
(2.16)
where [ΓDp] and [ΓOp] denote the Poincare´ duals of the cycles wrapped by D-branes
and O-planes in R1,3×X . The open-string gauge flux on the D-branes F appears
in the Chern character, the tangential and normal part of the curvature two-form
R appear in the Aˆ-genus and the Hirzebruch polynomial L, and Qp = −2p−4
denotes the charge of an orientifold p-plane. For more details we refer for instance
to section 8.6 in [41]. Denoting the orientifold image of a Dp-brane with a prime,
the Bianchi identity for the R-R fluxes then reads
DF =
∑
Dp+Dp′
QDp +
∑
Op
QOp , (2.17)
where the sum is over all D-branes and orientifold planes present in the back-
ground. The Freed-Witten anomaly-cancellation condition [2] for D-branes takes
the general form [47,41]
DQDp = 0 , DQOp = 0 , (2.18)
where we included the corresponding expression for an orientifold p-plane. Equa-
tion (2.17) can therefore be interpreted as a relation in D-cohomology.
For the setting discussed in this paper, the orientifold projection satisfies (2.1)
and therefore leads to spacetime filling O3- and O7-planes. Taking into account
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(2.3) and that F in (2.17) is a three-form flux, we find the following explicit
expressions
Q • F =− 2
∑
D7a
ND7a [ΓD7a ] + 8
∑
O7b
[ΓO7b ] ,
H ∧ F =− 2
(
ND3 − NO3
4
)
ω0
−
∑
D7a
tr
(Fa)2 ∧ [ΓD7a ] + 2
(∑
D7a
ND7a
χ(ΓD7a
)
24
+
∑
O7b
χ
(
ΓO7b
)
12
)
ω0 .
(2.19)
Here, ND3 and NO3 denote the number of D3-branes and O3-planes, ND7a denotes
the number of coincident D7-branes in a stack a, [ΓD7a ] = n
A
aωA is the Poincare´
dual of the cycle ΓD7a expanded in the basis (2.5), Fa is the (quantized) two-form
gauge flux on the stack of D7-branes a in the fundamental representation, and
χ(Γ) denotes the Euler number of the cycle Γ. The D-brane sums are over all
D7-branes, and due to h1,1− = 0 the orientifold images give a factor of two. For
details on the derivation of these expressions see for instance [48].
Orientifold contributions
Let us now discuss the contribution of orientifold planes to the right-hand sides in
(2.19). Typically orientifold planes give a positive contribution while D-branes give
a negative contribution. For some classes of models the orientifold-contributions
can be estimated as follows:
• For orientifolds of T6/ZM or T6/ZM×ZN the numbers of O3- and O7-planes
have been computed for instance in [49] for some examples. Here, the authors
find that NO3, NO7 . 60 and the contribution of the Euler numbers to (2.19)
are vanishing. The contribution of orientifold planes to the right-hand sides
of (2.19) is therefore typically positive and of order O(10).
• For del-Pezzo surfaces the possible orientifold projections have been classified
in [50]. The number of orientifold three- and seven-planes are of order O(10),
and in some examples the Euler numbers of the four-cycles are of order
O(100). Also here, the contribution of orientifold planes to the right-hand
side of (2.19) is positive and of order O(10).
• In F-theory the geometry of Calabi-Yau four-folds Y encodes the geometry
of D7-branes and orientifold planes in Calabi-Yau three-folds X . If a lift
from type IIB orientifolds to F-theory is possible, one finds that
χ(Y)
24
=
NO3
4
+
∑
D7a
ND7a
χ(ΓD7a
)
24
+
∑
O7b
χ
(
ΓO7b
)
12
, (2.20)
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where χ(Y) denotes the Euler number of the Calabi-Yau four-fold Y . In
[51,52] a manifold Ymax was identified with the largest known Euler number
for a Calabi-Yau four-fold
χ(Ymax) = 1 820 448 , (2.21)
and more details for the present context can be found in [53]. Hence, for this
example the contribution to the D3-tadpole in (2.19) is of order O(105).
D-brane contributions
We furthermore note that the tadpole-cancellation conditions (2.19) are the inte-
grated versions of the R-R Bianchi identities (2.15). The former are therefore less
restrictive than the latter, but for a proper string-theory solution also the Bianchi
identities with localized sources have to be solved. When placing D-branes di-
rectly on top of orientifold planes solutions may be constructed more easily, but
in general this a difficult task (see for instance [54]).
However, we can make the following general argument: because D-branes have
a non-vanishing mass, their probe approximation breaks down when too many
D-branes are placed into a compact space (away from the orientifold planes). In
this case the back-reaction of D-branes on the geometry has to be taken into
account, and an extreme case for this mechanism is the formation of black holes.
It would be desirable to make this more precise, but we can argue that for ignoring
back-reaction effects the contribution of D-branes to the right-hand sides in (2.19)
should not be arbitrarily large.
Flux contributions
Turning now to the flux contribution on the left-hand sides in (2.19), we note that
for vanishing Q-flux the H ∧F -term typically has to be positive in order to obtain
physically-relevant solutions. Since the right-hand sides are bounded from above
by the orientifold contributions, the flux contributions should not be larger than
O(10) to O(105). In the presence of non-geometric Q-flux the left-hand sides in
(2.19) can be negative – but since also the D-brane contributions are bounded,
again the flux contributions should not be too large. This is an important point
for our approach in this paper, which we summarize as
In order to solve the tadpole-cancellation condition (2.19) and
ignore the back-reaction of D-branes, the contribution of fluxes to
the left-hand sides in (2.19) should not be too large. Depending
on the setting, known bounds are of orders O(10) to O(105).
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2.3 T6/Z2 × Z2 orientifold
Let us now turn to a specific example for a compactification space. We consider
the orbifold T6/Z2 × Z2 which provides a simple example of a Calabi-Yau three-
fold with only few moduli. For our purposes it is sufficient to stay in the orbifold
limit and not blow-up the fixed-point singularities, that is we ignore the twisted
sectors. This model has been extensively studied in the literature, and we refer
for instance to [55–58] for more details in the present context.
For this model the contribution of orientifold planes to the tadpole-cancellation
condition (2.19) only allows for a small number of different flux choices. In order
to be able to study general properties of the space of solutions, in the following we
therefore ignore the precise form of the tadpole cancellation condition and allow for
arbitrarily-large values of H∧F and Q•F . We do however keep in mind that these
tadpole contributions are bounded by the D-brane and orientifold contributions.
Compactification space
We start from the following six-dimensional orbifold construction which has the
properties of a Calabi-Yau three-fold
X = T
2 × T2 × T2
Z2 × Z2 .
(2.22)
On each of the two-tori we introduce complex coordinates as
zi = xi + U iyi , i = 1, 2, 3 , (2.23)
where xi and yi denote real coordinates with identifications xi ∼ xi + 1 and yi ∼
yi + 1, U i denote the complex structures on each of the T2, and no summation is
performed in (2.23). The orbifold action is given by
Θ :
 z1z2
z3
→
−z1−z2
+z3
 , Θ′ :
 z1z2
z3
→
+z1−z2
−z3
 , (2.24)
where Θ and Θ′ are the two generators of the orbifold group Z2×Z2. In addition,
we perform the following orientifold projection
σ :
 z1z2
z3
→
−z1−z2
−z3
 . (2.25)
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Cohomology
Next, we turn to the cohomology of (2.22). We note that there are no one- or five-
forms invariant under the orbifold action (2.24), and that the invariant three-forms
are given by the following combinations
α0 = dx
1 ∧ dx2 ∧ dx3 , β0 = +dy1 ∧ dy2 ∧ dy3 ,
α1 = dy
1 ∧ dx2 ∧ dx3 , β1 = −dx1 ∧ dy2 ∧ dy3 ,
α2 = dx
1 ∧ dy2 ∧ dx3 , β2 = −dy1 ∧ dx2 ∧ dy3 ,
α3 = dx
1 ∧ dx2 ∧ dy3 , β3 = −dy1 ∧ dy2 ∧ dx3 .
(2.26)
Choosing the orientation of the six-dimensional space (2.22) such that we have∫
dx1 ∧ dx2 ∧ dx3 ∧ dy1 ∧ dy2 ∧ dy3 = 1, the three-forms in (2.26) satisfy the
intersection relation (2.4). We can furthermore define a holomorphic three-form
as
Ω = dz1 ∧ dz2 ∧ dz3 , (2.27)
which – when expanded in the basis (2.26) – takes the form
Ω = α0 +
(
U1 α1 + U
2 α2 + U
3 α3
)
− ( U2U3 β1 + U3U1 β2 + U1U2 β3 )+ U1U2U3β0 . (2.28)
Turning to the orientifold action (2.25), we see that all three-forms (2.26) are odd
under σ and therefore h2,1− = 3 and h
2,1
+ = 0. We also note that Ω is odd under the
orientifold action as required by (2.1).
For the even cohomology we observe that the zero- and six-form cohomologies
are even under the orbifold action (2.24). For the second cohomology we find the
following invariant (1, 1)-forms
ωA =
i
2 ImUA
dzA ∧ dzA , A = 1, 2, 3 , (2.29)
with no summation over A, and we define invariant (2, 2)-forms as
σ1 = −ω2 ∧ ω3 , σ2 = −ω3 ∧ ω1 , σ3 = −ω1 ∧ ω2 . (2.30)
Note that these satisfy the relations shown in (2.6). For the orbifold (2.22) we can
now define a real Ka¨hler form in the following way
J = t1ω1 + t
2ω2 + t
3ω3 , (2.31)
where the tA are the (real) Ka¨hler moduli. The forms (2.29) and (2.30) are all
even under the orientifold projection (2.25) and therefore h1,1+ = 3 and h
1,1
− = 0.
We also note that J is even under σ, in agreement with (2.1).
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Moduli
With the explicit expressions for the even cohomologies discussed above, we can
now determine the moduli fields contained in Φ+c via equation (2.8). For the R-R
zero- and four-form potentials (purely in the internal space) we use the following
conventions
C0 = c0 , C4
∣∣
internal
= c1σ
1 + c2σ
2 + c3σ
3 , (2.32)
and evaluating (2.8) in the present situation leads to
T0 = τ = c0 + ie
−φ ,
T1 = c1 + it
2t3 ,
T2 = c2 + it
3t1 ,
T3 = c3 + it
1t2 ,
(2.33)
with the Einstein-frame Ka¨hler moduli defined as tA = e−φ/2tA. We also note that
the R-R two-form potential C2 is odd under the combined world-sheet parity and
left-moving fermion number (cf. (2.2)) and should therefore be expanded in the
σ-odd (1, 1)-cohomology, which however vanishes. Finally, the complex-structure
moduli U i are contained in Ω as can be seen from (2.28).
Fluxes
Let us now turn to the fluxes. Using the basis of three-forms (2.26), the NS-NS
and R-R three-form fluxes can be expanded in the following way
F = f IαI + fI β
I , H = hIαI + hI β
I , (2.34)
where I = 0, . . . , 3. The expansion coefficients f I , fI , h
I , hI are quantized due to
the flux quantization conditions for F and H shown in (2.12). For the remaining
fluxes in the NS-NS sector we note that due to (2.3) and (2.11), the geometric f -
and the non-geometric R-flux vanish. The Q-flux is in general non-vanishing, and
we specify it by its action on the third and fourth cohomology as
Q • αI = −qIAωA ,
Q • βI = +qIAωA ,
Q • σA = qIAαI + qIAβI . (2.35)
Here we have again A = 1, 2, 3 and the flux quanta are integers. In order to shorten
the notation for our subsequent discussion, we combine the H-flux with the Q-flux
by defining
qI
0 = hI , q
I0 = hI . (2.36)
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Let us briefly discuss a subtlety concerning the flux quantization condition
(2.12). It was first pointed out in [59] that on orbifold (or orientifold) spaces
besides bulk cycles inherited from the covering space, twisted cycles of shorter
length can exist. This implies that the quantization condition of the fluxes shown
above is slightly modified. For the present example of the type IIB T6/Z2 × Z2
orientifold this observation has been mentioned in [60, 23] and has been analyzed
in detail for instance in [61,62]. More concretely, for Z2×Z2 orbifold actions with
and without discrete torsion (see [63]) one finds that fluxes on generic bulk cycles
have to satisfy
without discrete torsion f I , fI , q
IA, qI
A ∈ 8Z ,
with discrete torsion f I , fI , q
IA, qI
A ∈ 4Z . (2.37)
As mentioned at the beginning of this subsection, in this paper we ignore the
twisted sector which effectively implies that we consider models without discrete
torsion [61]. Fluxes will therefore be quantized in multiples of eight. In the litera-
ture similar orientifolds have been studied [60,13,16,20,23], although with slightly
different quantization conditions.
Bianchi identities
Turning to the Bianchi identities (2.15), we recall from (2.5) that the collective
basis for the even cohomology is denoted by ωA and from (2.34) and (2.35) that
the R-R and NS-NS flux quanta are given by fI , f
I , qI
A and qIA. For the left-hand
side of the Bianchi identities we then introduce the following general notation
DF = QA ωA , QA = fIqIA − f IqIA ,
DH = Q0B ωB ,
QAB = qI
AqIB − qIAqIB ,D(Q • σA) = QABωB ,
(2.38)
where A,B = 0, . . . , 3. Note that these expressions can be combined into an
anti-symmetric five-by-five matrix of the form
Q =
(
0 +QB
−QA QAB
)
, A,B = 0, 1, . . . , 3 . (2.39)
The right-hand side of the Bianchi identities (2.15) correspond to NS-NS and R-R
sources, and schematically we have the relations
Q0 ←→ O3-planes/D3-branes,
QA ←→ O7-planes/D7-branes,
Q0A ←→ NS5-branes,
QAB ←→ 522-branes,
(2.40)
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where in particular QA for A = 0, . . . , 3 are the contributions to the R-R tad-
pole cancellation conditions (2.19). As mentioned above, in this paper we do not
consider NS5-branes or non-geometric 522-branes which leads to the requirement
QAB = 0 for A,B = 0, . . . , 3.
Supergravity data
Let us finally determine the Ka¨hler and superpotential for the T6/Z2 × Z2 orien-
tifold compactification. Evaluating (2.13) we find for the Ka¨hler potential
K = −
3∑
A=0
log
[
−i(TA − TA)
]
−
3∑
i=1
log
[
−i(U i − U i)
]
, (2.41)
up to an irrelevant constant term. Turning to the superpotential (2.14), the ex-
pansions of the fluxes in (2.34) and (2.35) give rise to
W = f0 − q0A TA
+U i
(
fi − qiA TA
)
+1
2
σijkU
iU j
(
fk − qkA TA
)
−1
6
σijkU
iU jUk
(
f 0 − q0A TA
)
,
(2.42)
where a summation over A = 0, . . . , 3 and i = 1, 2, 3 is understood. For ease
of notation we also defined the symmetric symbol σijk which has the only non-
vanishing components
σ123 = σ132 = σ231 = σ213 = σ312 = σ321 = +1 . (2.43)
The scalar F-term potential is determined in terms of the Ka¨hler K and superpo-
tential W according to
VF = e
K
[
DαW GαβDβW − 3|W |2
]
, (2.44)
where φα collectively labels the complex scalar fields of the theory. The Ka¨hler
metric is computed from the Ka¨hler potential as Gαβ = ∂α∂βK, and the covariant
derivative reads
DαW = ∂αW +
(
∂αK
)
W . (2.45)
We also note that due to our assumption h2,1+ = 0 shown in (2.3), no D-term
potential is generated by the fluxes.
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2.4 Dualities
We now want to discuss dualities for the orientifold of T6/Z2 × Z2 introduced in
the previous section. We are interested in transformations which leave the physical
properties of a system invariant but which are not necessarily symmetries of the
action. In particular, we note that an extremum of the F-term potential (2.44) is
reached for vanishing F-terms
0 = ∂αW +
(
∂αK
)
W , (2.46)
and in our subsequent analysis we are interested in duality transformations which
map solutions of (2.46) to new solutions.
Overall sign-change
Let us start by noting that the F-term potential (2.44) as well as the F-term
equations (2.46) are invariant under changing the sign of all fluxes [23](
fI , f
I , qI
A, qIA
) −→ (−fI ,−f I ,−qIA,−qIA) . (2.47)
This Z2 transformation maps W → −W , which indeed leaves the scalar potential
(2.44), the equations (2.46) and the tadpole contributions (2.38) invariant.
SL(2,Z) for complex-structure moduli U i
Next, we consider the group of large diffeomorphisms for each of the two-tori in
(2.22) [23]. For a single T2 this group is SL(2,Z), which is generated by T - and
S-transformations of the form
T : U i → U i + 1 , S : U i → −1/U i , (2.48)
with i = 1, 2, 3. In order for the F-term equation (2.46) to stay invariant under
T -transformations, the fluxes have to transform in the following way
U i → U i + bi ,
g0 → g0 − bigi + 12 σijk bibjgk + 16 σijk bibjbk ,
gi → gi − σijk bjgk − 12 σijk bjbkg0 ,
gi → gi + big0 ,
g0 → g0 ,
(2.49)
where (gI , g
I) stands collectively for (fI , f
I) and (qI
A, qIA), and σijk was defined
in (2.43). Under S-transformations of the complex structure moduli, the fluxes
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transform as follows
U1 → −1/U1 ,
g0 → −g1 ,
g1 → +g0 ,
g2 → −g3 ,
g3 → −g2 ,
g0 → −g1 ,
g1 → +g0 ,
g2 → +g3 ,
g3 → +g2 ,
(2.50)
and similarly for U2 and U3. Note that for the fluxes this is not a Z2 but a Z4 action,
which is however reduced to Z2 using (2.47). We also note that for a simultaneous
S-transformation of all three complex-structure moduli, the transformation reads
U i → −1/U i , gI → +g
I ,
gI → −gI . (2.51)
Furthermore, all Bianchi identities and tadpole contributions QA and QAB are
invariant under these transformations.
T-duality
We now turn to T-duality transformations. It is well-known that performing an
odd number of T-dualities for type IIB string theory results in the type IIA theory
and vice versa, and applying two or six T-dualities to type IIB string theory with
O3-/O7-planes results in type IIB with O5-/O9-planes. For T-duality to map
the present setting of type IIB with O3-/O7-planes to itself, we therefore have to
perform four collective T-duality transformations.
Let us now consider more closely the T6/Z2 × Z2 orientifold with O3-/O7-
planes. Using the Buscher rules [64,65], a collective T-duality transformation [66]
say along the first and second T2 results in the following transformation of the
moduli
T-duality along z1, z2 :

τ → T3 ,
T1 → T2 , U1 → −1/U1 ,
T2 → T1 , U2 → −1/U2 ,
T3 → τ .
(2.52)
In (2.52) we have only shown how the moduli transform, but also the fluxes trans-
form in a non-trivial way under T-duality. However, (2.52) contains an S-transform
of the complex-structure moduli U1 and U2. To better show the underlying struc-
ture, let us undo the U i transformation in (2.52) using (2.50). We then obtain the
transformation
τ → T3 ,
T1 → T2 ,
T2 → T1 ,
T3 → τ ,
qI
1 ↔ qI2 ,
qI
3 ↔ hI ,
qI1 ↔ qI2 ,
qI3 ↔ hI ,
(2.53)
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which by a slight abuse of notation we will refer to as T-duality in the following.
Similar transformations are obtained for T-duality along the second & third and
first & third two-torus.1
We furthermore observe that the F-term equations (2.46) are invariant under
a permutation of the Ka¨hler moduli TA and fluxes (qI
A, qIA). This is just a re-
labelling of indices and corresponds to the permutation group S3. Using now the
T-duality action (2.53) together with the permutation of Ka¨hler moduli, we see
that S3 is enhanced to S4 acting on TA = (T0, TA) and fluxes (qIA, qIA). Indeed,
for SA
B ∈ S4 the superpotential (2.42) is invariant under
TA → SABTB ,
qI
A → qIB(S−1)BA ,
qIA → qIB(S−1)BA ,
(2.54)
and the flux contribution to the Bianchi identities shown in (2.38) transform as
Q→ S−TQ S−1 , S =
(
1 0
0 SA
B
)
. (2.55)
We emphasize that four collective T-duality transformations for type II orientifold
compactification are permutations of moduli and fluxes. They do not correspond
to transformations which invert TA.
S-duality
We finally consider the SL(2,Z) duality of type IIB string theory. For vanishing
Q-flux its action on the axio-dilaton and the F - and H-flux takes the following
form
τ → aτ + b
cτ + d
,
(
F
H
)
→
(
a b
c d
)(
F
H
)
,
(
a b
c d
)
∈ SL(2,Z) , (2.56)
where a, b, c, d ∈ Z. In particular, this transformation leaves the F-term equa-
tions (2.46) invariant. However, for non-vanishing Q-flux only part of this duality
survives.
1We also mention that the transformation of the moduli under T-duality shown in (2.53) was
to be expected: for type IIB orientifolds the R-R zero- and four-form potentials C0 and C4 are
the real parts of τ and TA, respectively. Under a single T-duality the R-R potentials transform
as Cp → Cp±1 [67], where the upper/lower sign is for a transformation transversal/longitudinal
to Cp. For a collective T-duality along four directions we therefore map C0 → C4 and some
components of C4 → C0. This agrees with (2.53).
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• For constant shifts of the axio-dilaton and the Ka¨hler moduli TA, the Ka¨hler
potential (2.41) as well as the superpotential (2.42) are invariant under
TA → TA + bA ,
fI → fI + qIAbA ,
f I → f I + qIAbA ,
qI
A → qIA ,
qIA → qIA ,
(2.57)
where the parameter bA has to be quantized as bA ∈ Z. This corresponds to
a gauge transformation of the R-R zero- and four-form potentials.
• For an S-transformation τ → −1/τ in the presence of non-geometric fluxes,
the F-term equations (2.46) are in general not invariant. To restore the
SL(2,Z) duality the authors of [68] introduced additional non-geometric P -
fluxes as the counterpart of the Q-fluxes. In this paper we do not consider
such P -fluxes, but refer for instance to [69–72,47,73–75] for more details on
this topic.
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3 Moduli stabilization I
As a first example for moduli stabilization on the T6/Z2×Z2 orientifold we consider
a specific choice of fluxes which stabilizes the axio-dilaton τ , fixes the complex-
structure moduli U i to a symmetric point but leaves the Ka¨hler moduli TA unsta-
bilized. This setting has been studied for instance in [13, 16, 20], and here we use
it as a toy model for the more involved settings in the subsequent sections.
3.1 Setting
We start by specifying the superpotential (2.42). We consider a configuration with
vanishing non-geometric fluxes (2.35),
qI
A = 0 , qIA = 0 , (3.1)
which implies that the Ka¨hler moduli TA do not appear in the potential and hence
are not stabilized. The remaining R-R and NS-NS fluxes (2.34) are chosen as
follows
f 0 = 3 f˜ 0 , f1 = f2 = f3 = −f˜ 0 , f˜ 0 ∈ 8Z ,
f0 = 3 f˜0 , f
1 = f 2 = f 3 = +f˜0 , f˜0 ∈ 8Z ,
h0 = 3h˜0 , h1 = h2 = h3 = −h˜0 , h˜0 ∈ 8Z ,
h0 = 3h˜0 , h
1 = h2 = h3 = +h˜0 , h˜0 ∈ 8Z ,
(3.2)
where h˜0 and h˜0 should not be zero simultaneously. Since the superpotential W
is independent of the Ka¨hler moduli the F-term equations (2.46) take the simple
form
0 = FTA = ∂TAKW ,
0 = FU i = ∂U iW + ∂U iKW ,
0 = Fτ = ∂τW + ∂τKW ,
⇒
0 = W ,
0 = ∂U iW ,
0 = ∂τW .
(3.3)
Ignoring unphysical values for U i and τ with negative or vanishing imaginary part,
we obtain the following solution to (3.3)
U1 = U2 = U3 = i , τ =
f˜0 − if˜ 0
h˜0 − ih˜0
. (3.4)
The fluxes in (3.2) are not arbitrary but are subject to the Bianchi identities
(2.38). Since all non-geometric Q-fluxes vanish, the only nontrivial condition is
the D3-tadpole contribution
Q0 = 12
(
f˜0h˜
0 − f˜ 0h˜0
)
> 0 , (3.5)
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where the requirement of Q0 being positive is related to having Imτ > 0. Note
that due to the quantization condition for the fluxes in (3.2), Q0 is a multiple of
768.
3.2 Finite number of solutions for fixed Q0
Next, we briefly review the arguments of [16, 20] showing that the number of
physically-distinct solutions (3.4) is finite for finite Q0. We restrict the values
of the axio-dilaton τ to the fundamental domain of the corresponding SL(2,Z)
duality (2.56)
Fτ =
{
−1
2
≤ τ1 ≤ 0, |τ |2 ≥ 1 ∪ 0 < τ1 < +1
2
, |τ |2 > 1
}
. (3.6)
For ease of notation we express the axio-dilaton in terms of its real and imaginary
part as τ = τ1 + iτ2, and for the solution (3.4) to the F-term equations we have
τ =
h˜0 f˜0 + h˜
0 f˜ 0
(h˜0)2 + (h˜0)2
+
i
12
Q0
(h˜0)2 + (h˜0)2
. (3.7)
For a fixed positive value of Q0 the imaginary part of τ is bounded from above
as τ2 ≤ Q0768 , since h˜0 and h˜0 are integer multiples of eight which cannot be zero
simultaneously. We now argue along the following lines:
• The tadpole contribution Q0 is invariant under the SL(2,Z) transforma-
tions (2.56). Using then a T -transformations acting on the axio-dilaton as
τ → τ + b with b ∈ Z, we can bring τ1 into the region −12 ≤ τ1 < +12 .
This T -transformation is a duality transformation, and therefore we have
the equivalence
f˜0 ∼ f˜0 + b h˜0 , f˜ 0 ∼ f˜ 0 + b h˜0 . (3.8)
Choosing without loss of generality h˜0 6= 0, for fixed h˜0 there are only finitely-
many inequivalent values for f˜0 given by
f˜0 = 0, . . . , h˜0 − 1 . (3.9)
• Next, using an S-transformation τ → −1/τ (possibly together with addi-
tional T -transformations) we can bring τ into the fundamental domain Fτ .
In Fτ a lower bound for the imaginary part τ2 is obtained by considering
τ1 = −12 for which τ2 ≥
√
3/2. Using (3.7) we then find
0 < (h˜0)
2 + (h˜0)2 ≤ Q
0
6
√
3
, (3.10)
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which leaves only finitely many possibilities for the integers h˜0, h˜
0. Together
with (3.9), this implies also a finite number of choices for f˜0.
• The remaining flux f˜ 0 is now determined via the tadpole contribution Q0
shown in (3.5).
In summary, for a fixed positive value of the D3-tadpole contribution Q0, the F-
term equations (3.3) have only a finite number of of physically-distinct solutions
for τ .
3.3 Space of solutions
In [16,20] it was shown that the solutions (3.4) mapped to the fundamental domain
for τ are not distributed homogeneously. In particular, the space of solutions con-
tains voids with large degeneracies in their centers. In this section we review these
findings and provide some new results on the dependence of these distributions on
the D3-tadpole contribution Q0. Our data has been obtained using a computer
algorithm to generate all physically-distinct flux vacua for a given upper bound on
the D3-brane tadpole contribution.
Distribution of solutions
As we argued above, for a fixed value of Q0, the number of physically inequivalent
solutions for the axio-dilaton τ is finite. Using the SL(2,Z) duality (2.56) we
can map these solutions to the fundamental domain (3.6), and we have shown the
corresponding space of solutions in figures 1 and 2.
• For figure 1 we have included all flux configurations for which the tadpole
contribution satisfies 0 < Q
0
768
≤ 300, and in order to have a symmetric plot we
have added points on the boundary of the fundamental domain at τ1 = +
1
2
.
We see that the space of solutions for (3.4) is bounded as τ2 ≤ 300, and that
solutions are located on lines with fixed τ1.
• In figure 2 we show a zoom of figure 1 for a small range of τ2. Here we
see a characteristic structure of voids [16] with accumulated points in their
centers. The large voids are encircled by smaller ones, and we note that the
higher density of points near |τ |2 = 1 is not a physical property as we have
not taken into account the metric on moduli space.
Let us next note that the moduli space of the axio-dilaton τ is hyperbolic. Indeed
from the Ka¨hler potential (2.41) we can derive the corresponding Ka¨hler metric
with components
Gτ1τ1 = Gτ2τ2 =
1
4τ22
, Gτ1τ2 = 0 . (3.11)
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τ1
τ2
Figure 1: Space of solutions for the axio-dilaton τ with fluxes (3.2), mapped to the
fundamental domain Fτ . All solutions satisfy the bound Q0768 ≤ Q
0
max
768 = 300.
τ1
τ2
Figure 2: Zoom of figure 1 for a 0 ≤ τ2 ≤ 5.
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A convenient way to visualize this hyperbolic space is by mapping the Poincare´
half-plane to the Poincare´ disk via the conformal transformation
(τ1, τ2)→ (τ˜1, τ˜2) =
(
2τ1
τ 21 + (1 + τ2)
2 ,
τ 21 + τ
2
2 − 1
τ 21 + (1 + τ2)
2
)
. (3.12)
The space of solutions for the axio-dilaton mapped to the Poincare´ disk is then
shown in figure 3, which is the mapping of figure 1 under (3.12).
• In figure 3 the characteristic structure of voids is visible. In this plot effects
of the moduli-space metric are incorporated.
Analysis of voids
The number of physically-distinct solutions for the axio-dilaton is finite for fixed
tadpole-contribution Q0. The number of solutions N with Q0 ≤ Q0max can be
determined numerically, which leads to the following scaling behaviour
N ≈ 0.823
[
Q0max
768
]2
(3.13)
for large Q0max. We now want to study how the voids change depending on N, or,
equivalently, depending on Q0max. In particular, we are interested how the size of
the voids depends on Q0max. Qualitatively, this behaviour is illustrated in figure 4:
• In figure 4 the space of solutions for the axio-dilaton around the point τ = 2i
is shown. The blue points correspond to solutions which satisfy Q
0
768
≤ 300,
and the red points correspond to solutions with Q
0
768
≤ 3000. For larger Q0max
the void around τ = 2i therefore becomes smaller, and finer void structures
appear. These results are in agreement with the topological data analysis
in [29].
Let us denote the origin of a void by τvoid, and define its size by the distance to
the nearest solution τsol (not located at τvoid). The geodesic distance d is measured
using the metric (3.11) on the axio-dilaton moduli space, for which we have
d (τ , τ˜) =
1
2
arccosh
[
1 +
(τ˜1 − τ1)2 + (τ˜2 − τ2)2
2 τ˜2τ2
]
. (3.14)
As we can see for instance from figure 3, in the proper distance the voids can be
approximated by a circle whose radius we define as
Rvoid = min
τsol 6=τvoid
d(τvoid, τsol) . (3.15)
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τ˜1
τ˜2
Figure 3: Space of solutions for the axio-dilaton τ with fluxes of the form (3.2),
restricted to the fundamental domain and mapped to the Poincare´ disk. All solutions
satisfy the bound Q
0
768 ≤ 300.
τ1
τ2
Figure 4: Space of solutions for the axio-dilaton τ with fluxes of the form (3.2)
near τ = 2i on the Poincare´ plane for Q
0
768 ≤ 300 (blue) and Q
0
768 ≤ 3000 (red).
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The scaling behaviour of Rvoid with Q
0
max has been obtained for instance in [16,20]
as R2void ∼ 1/Q0max, and below we have determined the prefactors for some families
of voids numerically. For voids located in the fundamental domain on the Poincare´
plane we have the following relation between the radius of the void Rvoid, the
tadpole contribution Q0max and the number of solutions located at the center of the
void nvoid
R2void ≈
1
Cτ2void
[
768
Q0max
]
nvoid ≈ 2pi
Cτ2void
[
Q0max
768
]
τ1void τ2void C
0 n 4
0 n+ 0.5 16
±0.2 n+ 0.4 20
±0.2 n+ 0.6 20
(3.16)
where n ∈ Z+. The constant C depends on the family of voids under consideration
and can be read-off from the table in (3.16) for several examples. Note also that
the number of solutions located at the center of the void divided by the area of
the void takes the simple form
nvoid
2piR2void
≈
[
Q0max
768
]2
. (3.17)
Solutions at small coupling
The imaginary part of the axio-dilaton τ is bounded from above by the D3-tadpole
contribution Q0, which via (2.33) implies a restriction on the string coupling gs as
τ2 = e
−φ =
1
gs
≤ Q
0
768
⇒ gs ≥ 768
Q0
. (3.18)
Recall that in our conventions Q0 is a multiple of 768. In the following we determine
the number of physically-distinct solutions Nc which satisfy τ2 ≥ c for some cutoff
c > 0 so that we have
768
Q0max
≤ gs ≤ 1
c
. (3.19)
Note that in order to ignore string-loop corrections and corrections from world-
sheet instantons, we need to stabilize the axio-dilaton at small gs. This implies
that Q0 and c should be sufficiently large. Using then the exact data for the space
of solutions, we can obtain fits for Nc for values of Q
0
max of the order
Q0max
768
= O(103).
In particular, with the scaling of the total number of solutions N shown in (3.13)
28
Q0max
768
Nc
Figure 5: Number of solutions Nc (for the axio-dilaton τ with fluxes of the form
(3.2)) which satisfy c ≤ τ2 ≤ Q
0
max
768 for c = 2, 5, 10, 20 in colors blue, orange, green
and red, respectively.
we have
Q0max
768
 1
c Nc Nc/N
2 0.393
[Q0max
768
]2
0.478
5 0.157
[Q0max
768
]2
0.191
10 0.078
[Q0max
768
]2
0.095
20 0.039
[Q0max
768
]2
0.047
(3.20)
We observe that in this limit the percentage of solutions with gs  1 is small and
independent of Q0max. For instance, only about 5% of the solutions have a string
coupling satisfying gs ≤ 0.05. However, the region of small tadpole contributions
Q0
768
= O(1) is more interesting. Here the number of solutions Nc does not follow
a simple quadratic behavior, and the precise numbers are shown in figure 5. We
see that for a particular c in gs ≤ 1/c, the D3-tadpole contributions Q0768 has to
be larger than some threshold. Furthermore, above this threshold the number of
solutions is not large but only O(10).
3.4 Summary
Let us summarize the results and observations of this section for moduli stabiliza-
tion of the axio-dilaton with the choice of fluxes given in equation (3.4):
• As already known before, for a fixed D3-brane tadpole contribution Q0, the
number of physically-distinct solutions to the F-term equations for the axio-
dilaton τ is finite due to the corresponding SL(2,Z) duality [16,20].
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• The solutions for the axio-dilaton in the fundamental domain are not dis-
tributed homogeneously, but show characteristic void structures as illus-
trated in figures 2 and 3.
• With increasing upper bound Q0max on the tadpole contribution, the area of
these voids shrinks and the number of solutions located at the center nvoid
increases as shown in (3.16). The precise behaviour for the radius Rvoid and
nvoid is proportional to a constant depending on the location of the void,
however, the ratio nvoid/2piR
2
void is universal.
• The string coupling is bounded from below by the tadpole contribution as
768
Q0
≤ gs. In order to ignore string corrections and trust the solutions (3.4),
we have to demand gs  1 which implies Q0768  1. This is in contrast to our
discussion of the tadpole-cancellation condition on page 12 which requires
Q0
768
to be small, and illustrates the difficulty of obtaining reliable solutions
to the F-term equations.
• We have furthermore analyzed the number of physically-distinct solutions
satisfying gs ≤ 1/c. Requiring a small string coupling of for instance gs ≤
1/10, we find that only about 10% of the solutions satisfy this condition. If
we require gs to be smaller, then the corresponding fraction of solutions is
smaller.
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4 Moduli stabilization II
In this section we extend our previous discussion by including the complex-struc-
ture moduli U i. We choose flux configurations which stabilize the axio-dilaton and
fix the complex-structure moduli at an isotropic minimum with U1 = U2 = U3.
Such vacua have previously been studied for instance in [60,20].
4.1 Setting
We start again by specifying the superpotential (2.42) and set to zero the non-
geometric fluxes (2.35)
qI
A = 0 , qIA = 0 , (4.1)
and for the R-R and remaining NS-NS fluxes (2.34) we choose the following re-
stricted setting
f1 = f2 = f3 , h1 = h2 = h3 ,
f 1 = f 2 = f 3 , h1 = h2 = h3 ,
f I , fI , h
I , hI ∈ 8Z . (4.2)
Since the superpotential is independent of the Ka¨hler moduli TA, the F-term equa-
tions (2.46) simplify as in (3.3) and we obtain
0 = W , 0 = ∂U iW , 0 = ∂τW . (4.3)
Due to the isotropic choice of fluxes in (4.2), the complex-structure moduli U i are
stabilized such that
U1 = U2 = U3 =: U , (4.4)
and the F-term equations (4.3) reduce to
−f0 − 3U f1 − 3(U)2f 1 + (U)3f 0 = 0 ,
−h0 − 3U h1 − 3(U)2h1 + (U)3h0 = 0 ,
(4.5)
(f1 − τh1) + 2U(f 1 − τh1)− (U)2(f 0 − τh0) = 0 . (4.6)
The R-R and NS-NS fluxes in (4.2) are furthermore subject to the Bianchi identities
(2.38), and due to the vanishing Q-fluxes the only nontrivial relation is again given
by the D3-brane tadpole contribution
Q0 = f0h
0 − f 0h0 + 3
(
f1h
1 − f 1h1
)
> 0 . (4.7)
Note that due to the quantization condition for the fluxes, the tadpole contribution
Q0 is an integer multiple of 64. However, as it has been explained in footnote 10
of [60], in order to obtain physically-viable solutions Q0 receives an additional
factor of three. The tadpole contribution is therefore always a multiple of 192,
which is also what we see explicitly in our data.
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4.2 Finite number of solutions for fixed Q0
The two equations for the complex-structure modulus shown in (4.5) define an
overdetermined cubic system for U , which in general does not allow for a solution
in closed form. Since the coefficients in (4.5) are real, one can bring these equations
into the form
(U − u0)(U − u1)(U − u¯1) = 0 , u0 ∈ R , u1 ∈ C , (4.8)
where u0, u1, u¯1 denote the solutions. Physically-acceptable solutions have to sat-
isfy ImU > 0, and therefore the F-term equations (4.5) have at most one solution
for U of interest to us. The equation (4.6) can be solved for the axio-dilaton as
τ =
f1 + 2Uf
1 − (U)2f 0
h1 + 2Uh1 − (U)2h0 , (4.9)
which however depends on U . More details on these solutions can be found in
appendix A, where we follow the discussion of [60,20]. As reviewed in section 2.4, in
the absence of non-geometric Q-fluxes the axio-dilaton and the complex-structure
moduli enjoy SL(2,Z) dualities. These can be used to bring τ and U into their
fundamental domains
Fτ =
{
−1
2
≤ τ1 ≤ 0, |τ |2 ≥ 1 ∪ 0 < τ1 < +1
2
, |τ |2 > 1
}
,
FU =
{
−1
2
≤ U1 ≤ 0, |U |2 ≥ 1 ∪ 0 < U1 < +1
2
, |U |2 > 1
}
,
(4.10)
where we again split τ and U into their real and imaginary parts as τ = τ1 + iτ2
and U = U1 + iU2. We furthermore note that the two SL(2,Z) dualities leave
the D3-tadpole contribution Q0 invariant. Now, as shown by [60,20] and reviewed
in appendix A, the dualities can be used to show that the number of physically-
distinct vacua in the fundamental domain is finite for fixed Q0. In the following
we explore how the properties of the space of solutions for τ and U depend on Q0.
4.3 Space of solutions
In this section we study the space of solutions to the F-term equations (2.46) for the
combined axio-dilaton and complex-structure-modulus system. Since for the axio-
dilaton system we found two-dimensional circular voids in the two-dimensional
moduli space, it is natural to expect four-dimensional spherical voids in the four-
dimensional moduli space. However, we can not confirm this expectation. Our
data has again been obtained using a computer algorithm, which generated all
physically-distinct flux vacua for a given upper bound on the D3-brane tadpole
contribution Q0.
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Distribution of solutions
In [60, 20] (as well as in appendix A) it is shown that for fixed Q0 the number of
physically-distinct solutions is finite. We have determined all solutions for the set-
ting described in section 4.1 numerically, and have visualized them in the following
figures.
• In figure 6 we have shown the solutions for the fluxes of the form (4.2) pro-
jected onto the τ and onto the U -plane [20]. All solutions satisfy the bound
on the tadpole contribution Q
0
192
≤ 1000, and in order to have a symmetric
plot we included points on the boundary of the fundamental domains. These
plots are similar to the one in figure 1. When comparing figures 6a and 6b,
we note that for the same Q0 the maximum values for τ2 and U2 differ sig-
nificantly. Furthermore, we note that the number of different values for τ1 is
much larger than for U1.
• In figure 7 we show sections through the four-dimensional space of solutions
for τ2 ≤ 2, characterized by different values of the complex-structure mod-
ulus. All solutions satisfy Q
0
192
≤ 1000, and these plots show void structures
similar as in figure 2. We note however that although the location of the
voids stays the same when going from U = i to U = 2i and similarly from
U =
√
2i to U = 2
√
2i, the density of solutions decreases. This appears to
be a general feature which we observe in the data.
• In figure 8 we have shown three-dimensional sections of the four-dimensional
space of solutions for U1 = 0. All solutions have been mapped to the funda-
mental domain. Figures 8a and 8b show two different points of view, which
illustrate that the three-dimensional section of the space of solutions is not
homogenous. Solutions are accumulated on planes for particular values of
U2, while the space between these planes is only sparsely populated. This
is in agreement with our observations in figures 7, which also show that the
density of solutions varies.
The lines in figures 8a and 8b connect voids for different values of U2 and
are described by the following equations for t ∈ R+
orange l1 (τ1, τ2, U1, U2) = ( 0 , 1 + t, 0 , 1 +
1
1
t) ,
red l2 (τ1, τ2, U1, U2) = ( 0 , 2 + t, 0 , 1 +
1
2
t) ,
purple l3 (τ1, τ2, U1, U2) = ( 0 , 3 + t, 0 , 1 +
1
3
t) ,
green l4 (τ1, τ2, U1, U2) = (−12 , 32 + t, 0 , 1 + 23 t) .
(4.11)
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τ1
τ2
(a) Projection of solutions onto the τ -plane.
U1
U2
(b) Projection of solutions onto the U -plane.
Figure 6: Space of solutions for the setting described in section 4.1, mapped to
the fundamental domains Fτ and FU and projected onto the τ - and U -plane. All
solutions satisfy the bound Q
0
192 ≤ 1000.
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τ1
τ2
(a) U = i
τ1
τ2
(b) U = 2i
τ1
τ2
(c) U =
√
2i
τ1
τ2
(d) U = 2
√
2i
Figure 7: Section through the four-dimensional space of solutions for the setting
described in section 4.1. The solutions have been mapped to the fundamental do-
mains, and the sections are for fixed complex-structure modulus at U = i, U = 2i,
U =
√
2i and U = 2
√
2i. All solutions satisfy the bound Q
0
192 ≤ 1000.
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τ1
τ2
U2
(a) Point of view along the τ2-direction.
τ2
τ1
U2
l1 l4 l2
l3
(b) Point of view along the τ1-direction.
Figure 8: Section through the four-dimensional space of solutions with U1 = 0 for
the setting described in section 4.1. All solutions satisfy the bound Q
0
192 ≤ 1000 and
have been mapped to the fundamental domains. The lines in 8a and 8b connect
voids for different values of U2 and are described by the expressions in equation
(4.11).
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• In figure 9 we have shown the same three-dimensional section of the space
of solutions as in figure 8. The point of view in figure 9a is along the line
l1 (orange) of (4.11) and the point of view in figure 9b is along the line l2
(red). In these three-dimensional sections of the four-dimensional space of
solutions we therefore have a cylindrical void centered around the lines in
(4.11).
Solutions at small coupling and large complex structure
We now consider the number N of physically-distinct solutions for the combined
axio-dilaton and complex-structure moduli system defined in section 4.1. This
number is finite for fixed D3-tadpole contribution Q0, and since we have the nu-
merical data we can determine this number explicitly. For large Q0 the dependence
takes the form
N ≈ 1.2501
[
Q0
192
]2
. (4.12)
We next note that in the fundamental domains, the imaginary parts of the axio-
dilaton and complex-structure moduli satisfy a lower bound similarly as in the
previous example. An upper bound can be obtained from the numerical data,
which can be expressed as 2
√
3
2
≤ τ2 ≤
√
3
2
[
Q0
192
]
,
√
3
2
≤ U2 ≤
√
3
2
[
Q0
192
]1/2
. (4.13)
Note that in our conventions the tadpole contribution Q0 is a multiple of 192.
However, as we have seen in (4.9), the solution for the axio-dilaton depends on
the complex-structure modulus. Although this dependence is difficult to analyze
analytically, the numerical data gives the following bound on the solutions
τ2 U2 ≤ 3
4
Q0
192
. (4.14)
This bound is stronger than in (4.13), and it implies that for fixed Q0 the imaginary
parts of τ and U cannot be made simultaneously large. In particular, in order to
have solutions at small coupling gs =
1
τ2
 1 and large complex structure U2  1,
the tadpole contribution has to be sufficiently large. Let us make this more precise
and determine numerically the number of solutions Nc with Q
0 ≤ Q0max for which
gs ≤ 1
c
and U2 ≥ c . (4.15)
2 More precisely, with x = Q
0
192 the bound on U2 can be expressed as U2 ≤
√
Cx, where the
constant C takes values C = 3/4 for x = 0, 1 mod 4, C = 3/8 for x = 2 mod 8, C = 1/4 for
x = 3, 7 mod 8, and C = 1/8 for x = 6 mod 8.
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τ1
τ2
U2
(a) View along the line l1 (orange) in figures 8.
τ1
τ2
U2
(b) View along the line l2 (red) in figures 8.
Figure 9: Section through the four-dimensional space of solutions with U1 = 0 for
the setting described in section 4.1. All solutions satisfy the bound Q
0
192 ≤ 1000 and
have been mapped to the fundamental domains. The points of view are along the
line l1 (figure 9a) and line l2 (figure 9b) in figures 8, which show a void structure
around l1 and l2.
38
Nc
Q0max
192
Figure 10: Number of solutions Nc as a function of
Q0max
192 (for the setting described
in section 4.1) which satisfy τ2, U2 ≥ c for c = 2, 5, 10 in colors blue, orange and
green, respectively. Note that different ranges for Q
0
max
192 on the horizontal axis.
In the limit of large Q
0
max
192
we obtained the following approximations
Q0max
192
 1
c Nc Nc/N
2 0.0553
[Q0max
192
]2−3.4617[Q0max
192
]
0.041
5 0.0047
[Q0max
192
]2−0.7627[Q0max
192
]
0.004
10 0.0009
[Q0max
192
]2−0.3569[Q0max
192
]
0.001
(4.16)
These approximations do not describe the data very well, but are sufficient for our
purposes here. In particular, we see that at leading order Nc depends quadratically
on Q0max and that the ratios Nc/N are rather small. Thus, only a small percentage
of the solutions to the F-term equations are in a perturbatively-controlled regime.
More interesting is the limit of small Q
0
192
, which we have illustrated in figure 10.
We see that for c = 2 (blue) there are solutions starting at Q
0
192
= 16. For c = 5
(orange) we find solutions starting at Q
0
192
= 100, and for c = 10 (green) solutions
can be obtained starting at Q
0
192
= 400. The main conclusion we want to draw
from this analysis is that for solutions at weak coupling gs  1 and large complex
structure U2  1, the D3-tadpole contribution Q0192 has to be large. As discussed
on page 12, this is in tension with the tadpole cancellation condition.
4.4 Summary
Let us summarize the results obtained in this section for the space of solutions
of the combined axio-dilaton and complex-structure-moduli system with fluxes
characterized by the setting described in section 4.1:
• As known before, for a fixed D3-brane tadpole contribution Q0 the number
of physically-distinct solutions to the F-term equations (2.46) for the axio-
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dilaton and complex-structure moduli is finite. This is again due to the
SL(2,Z) dualities for the axio-dilaton and the complex-structure moduli.
• The values of the fixed moduli (mapped to their fundamental domains) are
not distributed homogeneously in the space of solutions. As shown in fig-
ures 9, the solutions are accumulated on submanifolds in the four-dimensional
space with few points in between. We also find void structures in the space
of solutions, which are however not spherical but take a cylindrical form in
three-dimensional sections (cf. figures 9).
• The imaginary parts of the axio-dilaton and the complex-structure moduli
τ2 and U2 are bounded from above and below as shown in equation (4.13).
In our data we find however the stronger bound on the product τ2 U2 ≤ 34 Q
0
192
,
which implies that in the weak-coupling and large-complex-structure regime
the tadpole contribution Q
0
192
has to be large. This is again in contrast to our
arguments regarding the tadpole-cancellation condition on page 12 which
requires Q
0
192
to be small, and illustrates the tension between the closed- and
open-string sectors for obtaining reliable solutions.
• We have furthermore shown that the fraction of reliable flux solutions within
all solutions for fixed tadpole Q
0
192
is only of orders O(10−3), which is a reduc-
tion as compared to the setting of section 3.
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5 Moduli stabilization III
We now generalize the setting from section 4 by including non-geometric Q-fluxes.
The fluxes are restricted such that the complex-structure and Ka¨hler moduli are
fixed isotropically as T1 = T2 = T3 := T and U
1 = U2 = U3 := U , which reduces
the system to the three complex moduli fields τ , U and T . Such vacua have
previously been analyzed for instance in [23].
5.1 Setting
We specify the superpotential (2.42) by imposing the following restrictions on the
R-R and NS-NS fluxes (2.34) and (2.35)
f 1 = f 2 = f 3 , h1 = h2 = h3 ,
f1 = f2 = f3 , h1 = h2 = h3 ,
q01 = q02 = q03 ,
q0
1 = q0
2 = q0
3 ,
q11 = q22 = q33 , q12 = q13 = q21 = q23 = q31 = q32 =: q˜11 ,
q1
1 = q2
2 = q3
3 , q1
2 = q1
3 = q2
1 = q2
3 = q3
1 = q3
2 =: q˜1
1 ,
(5.1)
which leaves four independent R-R F -flux components, four independent H-flux
components and six independent Q-flux components. As discussed around equa-
tion (2.37), these fluxes are subject to the quantization conditions
f 0, f 1, f0, f1, h
0, h1, h0, h1, q
01, q11, q˜11, q0
1, q1
1, q˜1
1 ∈ 8Z . (5.2)
Together with the Ka¨hler potential (2.41), the F-term equations (2.46) can then be
determined explicitly. Since in the present situation the superpotential W depends
on the Ka¨hler moduli TA, the condition W = 0 is in general not obtained and the
resulting system of equations is more involved. However, provided that solutions
to the F-term equations with non-vanishing imaginary parts exist, then for the
fluxes (5.1) the moduli are stabilized isotropically
U1 = U2 = U3 =: U , T1 = T2 = T3 =: T . (5.3)
A necessary condition to achieve this stabilization is that q1
1 6= q˜11 and q11 6= q˜11.
The system of seven F-term equations for τ , U i, TA then reduces to the following
three equations
0 =
[
f0 −h0 τ − q01 3T
]
+ 3U
[
f1 −h1 τ − (2 q˜11 + q11)T
]
−(U)3 [ f 0−h0 τ − q01 3T ]+ 3(U)2 [ f 1−h1 τ − (2 q˜11 + q11) T ] , (5.4a)
0 =
[
f0 −h0 τ − q01 (T + 2T )
]
+ 3U
[
f1 −h1 τ − (2 q˜11 + q11) 13(T + 2T )
]
−(U)3 [ f 0−h0 τ − q01 (T + 2T ) ]+ 3(U)2 [ f 1−h1 τ − (2 q˜11 + q11) 1
3
(T + 2T )
]
,
(5.4b)
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0 =
[
f0 −h0 τ − q01 3T
]
+ (U + 2U)
[
f1 −h1 τ − (2 q˜11 + q11)T
]
−U(U)2 [ f 0−h0 τ − q01 3T ]+ (2UU + (U)2) [ f 1−h1 τ − (2 q˜11 + q11) T ] . (5.4c)
The R-R and NS-NS fluxes are furthermore subject to the Bianchi identities (2.38),
and using the restrictions (5.1) we find for the tadpole contributions
Q0 = f0h
0 − f 0h0 + 3
(
f1h
1 − f 1h1
)
,
Q1 = f0q
01 − f 0q01 + 2
(
f1 q˜
11 − f 1 q˜11
)
+ f1q
11 − f 1q11 ,
Q01 = h0q
01 − h0q01 + 2
(
h1 q˜
11 − h1 q˜11
)
+ h1q
11 − h1q11 != 0 .
(5.5)
Finally, as we discussed in section 2.4, the present setting is duality invariant
under SL (2,Z) transformations of the complex-structure modulus U whereas the
SL(2,Z) duality (2.56) of the axio-dilaton is broken to constant shifts (2.57) due
to the non-vanishing Q-flux. Furthermore, T-duality (2.54) is in general broken
because of the isotropic choice of fluxes in (5.1).
5.2 Infinite number of solutions for fixed QA
In contrast to the settings of sections 3 and 4, for non-vanishing Q-flux the number
of solutions for fixed tadpole contributions QA is infinite [23]. This can be illus-
trated with the following example from [23]: the D7-brane tadpole contribution is
fixed as Q1 = 0 and the fluxes are chosen as follows
f 0 = 0 , f 1 = 0 ,
f0 =
Q0
b
, f1 = 0 ,
h0 = b , h1 = b ,
h0 = b , h1 = −b ,
q01 = 0 , q11 = −m, q˜11 = 0 ,
q0
1 = −m− n , q11 = n , q˜11 = m,
(5.6)
where m,n ∈ 8Z and b ∈ 8Z is restricted such that f0 ∈ 8Z. To obtain non-trivial
solutions we require m,n, b 6= 0, and the above choice of fluxes always satisfies the
Bianchi identities (5.5). A solution to the equations of motion (5.4) is given by
τ =
m3Q0
8b2n3
(−4± i) , U = m+ n
m
± n
m
i , T =
mQ0
4bn2
(2± i) , (5.7)
where the sign takes the same value for all three moduli. In order for the imaginary
parts to be positive we require that this sign is chosen appropriately and that
Q0 > 0 and b n > 0.
Note that (5.7) describes is an infinite set of vacua since m,n are not bounded,
which is in contrast to the situations studied in sections 3 and 4. However, in
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order to trust these solutions we have to require that Imτ, ImU, ImT > 1 which
translates into the conditions
1 <
(
± n
m
)3
<
Q0
8b2
, 1 < ± n
m
<
Q0
4bn
. (5.8)
For a fixed Q0 there is only a finite number of choices for (m,n, b) which satisfy
(5.8), and therefore the number of reliable solutions for the particular flux choice
(5.6) is finite for fixed Q0. We remark however that duality transformations can
change the form of (5.6), and therefore a similar analysis has to be performed
for the transformed flux choices. We do not know whether this leads to a finite
number of reliable flux solutions.
5.3 Space of solutions
Since the number of physically-distinct solutions for fixed tadpole contributions
QA is in general infinite, for the present setting we cannot construct a complete
data set of flux vacua for fixed tadpole contribution. However, we can generate
flux vacua using Monte-Carlo sampling.
Data set
Our data set of flux vacua for the setting described in section 5.1 has been obtained
in the following way:
• We restrict the contributions to the D3- and D7-brane tadpoles Q0 and Q1
shown in equations (5.5) as∣∣∣∣Q064
∣∣∣∣ ≤ 1000 , ∣∣∣∣Q164
∣∣∣∣ ≤ 1000 , Q01 = 0 . (5.9)
Note that due to the flux-quantization condition (5.2) the QA are always a
multiple of 64, and that Q0 and Q1 can be negative while still leading to
positive imaginary parts for τ , U , T .
• The fluxes in (5.1) are chosen randomly with a uniform distribution. The
restriction on the value of the fluxes reads∣∣∣∣flux quantum8
∣∣∣∣ ≤ 100 . (5.10)
• We have generated 6.8 · 106 flux configurations for which 1) all moduli τ , U ,
T are fixed, 2) all imaginary parts of the moduli fields are strictly positive,
and 3) the vacua are physically distinct (i.e. not related by SL(2,Z) trans-
formations of the complex-structure moduli nor by T -transformations of the
axio-dilaton or Ka¨hler moduli).
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• For these flux contributions all moduli are fixed, however, not all of these
extrema are stable. The number of vacua with all moduli fixed and without
tachyonic or flat directions is 1.5 · 106.
Solutions at small coupling, large complex structure and large volume
Since we do not have a complete set of solutions for fixed tadpole contributions Q0
and Q1, the same analysis as for the previous cases cannot be performed. However,
for our data set we have determined the number of solutions Nc for which τ2 = Imτ ,
U2 = ImU and T2 = ImT satisfy
τ2, U2, T2 ≥ c . (5.11)
For sufficiently large c, this corresponds to the weak-coupling, large-complex-
structure and large-volume regime. We furthermore denote by |QA/64|min the
lowest value of the expression |QA/64| = √(Q0)2 + 3(Q1)2/64 in the set of vacua
determined by (5.11). For configurations which fix all moduli but may contain
tachyonic directions we find:
all
c Nc Nc/N0 |QA/64|min
0 6.84 · 106 1 1
1 3.06 · 105 4.5 · 10−2 17.7
2 1.08 · 104 1.6 · 10−3 42.1
3 94 1.4 · 10−5 129.8
5 3 4.4 · 10−7 811.8
(5.12)
From here we see that vacua with large imaginary parts τ2, U2, T2 are extremely
rare but not excluded. For larger c – that is for more reliable solutions – the tadpole
contributions have to be larger. For c ≥ 6 we did not find any solutions, which we
expect to be due to the cutoffs shown in (5.9) and (5.10). These observations are
in line with the results of the previous sections. For the stabilized vacua (without
flat or tachyonic directions) we obtain a similar behaviour:
stable
c Nc Nc/N0 |QA/64|min
0 1.51 · 106 1 1
1 2.89 · 105 1.9 · 10−1 17.7
2 1.04 · 104 6.9 · 10−3 42.1
3 82 5.4 · 10−5 129.8
5 0 0
(5.13)
For c ≥ 4 we did not find any stable solutions in our data set, and in table 1 we
have collected some concrete examples for fully stabilized vacua with imaginary
parts greater than one.
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Distribution of solutions in the QA-plane
For moduli stabilization of the axio-dilaton and complex-structure moduli stud-
ied in sections 3 and 4 we observed that the tadpole-contribution Q0 has to be
positive in order to obtain physical solutions with positive imaginary parts τ2 and
U2. However, when including non-geometric fluxes we see that positive as well as
negative values of Q0 and Q1 can results in positive imaginary parts τ2, U2 and T2.
Having a large data set available, we have analyzed the distributions of vacua
over Q0 and Q1. For the set of stable vacua without flat or tachyonic directions
we obtain
stable
Q0 Q1 fraction of all vacua
≤ 0 ≤ 0 0.51862
≤ 0 > 0 0.15550
> 0 ≤ 0 0.32573
> 0 > 0 0.00015
(5.14)
It is somewhat surprising that the fraction of vacua with tadpole contributions
Q0 > 0 and Q1 > 0 is suppressed by three orders of magnitude compared to having
at least one QA negative, but we have no explanation for that. For our data set of
solutions which include potentially tachyonic directions no such difference is found
all
Q0 Q1 fraction of all vacua
≤ 0 ≤ 0 0.36058
≤ 0 > 0 0.25717
> 0 ≤ 0 0.25454
> 0 > 0 0.12771
(5.15)
We also note that both data sets do not contain any solution with Q0 = Q1 = 0.
Distribution of solutions in moduli space
We have also analyzed the distribution of solutions to the F-term equations (2.46)
within the moduli space. Since the density of solutions is very small, we were not
able to identify any patterns or structures.
5.4 Summary
We briefly summarize the main results obtained in this section for the combined
moduli stabilization of the axio-dilaton, complex-structure moduli and Ka¨hler
moduli by the fluxes shown in equation (5.1):
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• For fixed D3- and D7-brane tadpole contributions Q0 and Q1 the number
of physically-distinct vacua is in general infinite [23]. We therefore were
not able to generate a complete data set but used Monte-Carlo methods to
randomly generate 6.8 · 106 solutions to the F-term equations which fix all
moduli.
• We have shown that solutions at weak string coupling, large complex struc-
ture and large volume are only a small fraction of all vacua. For instance,
stable solutions with τ2, U2, T2 ≥ 5 make only a fraction of 4 ·10−7 of all solu-
tions. Requiring the solutions to be more reliable requires the tadpole con-
tributions QA to be larger, which is in tension with the tadpole-cancellation
condition as discussed on page 12.
• In table 1 we have shown some concrete examples of stable vacua with axio-
dilaton, complex-structure moduli and Ka¨hler moduli fixed at imaginary
parts greater than one.
• Finally, we have pointed out that stable vacua with all tadpole contribu-
tions Q0 and Q1 positive are statistically disfavored. We do not have an
explanation for this observation.
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6 Discussion
In this work we have studied moduli stabilization with R-R and NS-NS fluxes
in type IIB string theory for the example of the T6/Z2 × Z2 orientifold. We
have analyzed the interplay between moduli stabilization and tadpole cancellation,
in particular, we have shown how properties of the vacua depend on the flux
contribution to the tadpole-cancellation condition.
Summary of results
More concretely, the axio-dilaton and complex-structure moduli are fixed by geo-
metric fluxes while the Ka¨hler moduli are fixed at tree-level using non-geometric
Q-flux. In section 3 we have focussed on the axio-dilaton only and mainly ig-
nored the complex-structure and Ka¨hler moduli. In section 4 we included the
complex-structure moduli, and in section 5 we studied moduli stabilization for all
closed-string moduli. We analyzed the space of solutions to the F-term equations
for these settings and found that it is not homogenous:
• For the axio-dilaton the space of solutions contains characteristic void struc-
tures (see figure 2) [16, 20]. The radius of these voids depends on the flux
contribution Q0 to the tadpole-cancellation condition, and for larger Q0 the
radii become smaller.
When including the complex-structure moduli, we observe that vacua are
accumulated on submanifolds within the space of solutions (see figure 8).
On these planes we again find void structures, which are connected by
lines between different planes. We therefore find cylindrical voids in (three-
dimensional sections of) this four-dimensional space of solutions.
Furthermore, in section 2.2 we have argued that the flux contribution to the
tadpole-cancellation condition cannot be arbitrarily large. In particular, for many
known examples this contribution is small. We have then contrasted this obser-
vation with the requirement of having reliable solutions at weak string-coupling,
large complex structure and large volume:
• We have seen that the fraction of vacua with small string coupling τ2  1,
large complex structure U2  1 and large volume T2  1 is small. For
instance, within the approach followed in this paper around 20% of the so-
lutions satisfy τ2 ≥ 5, around 0.4% of the solutions satisfy τ2, U2 ≥ 5, and a
fraction of around 10−7 of the solutions satisfy τ2, U2, T2 ≥ 5. This suggests
that for a large number of moduli, only a very small fraction of the solutions
can be trusted (within the tree-level approach used in this work).
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• We have also observed that in order to find vacua at weak string-coupling,
large complex structure and large volume the flux contribution to the tad-
pole-cancellation condition has to be large. For instance, within the ap-
proach followed in this paper for τ2 ≥ 5 one needs Q0 ≥ 3840, for τ2, U2 ≥ 5
one needs Q0 ≥ 38208, and for τ2, U2, T2 ≥ 5 we have indications that one
needs |QA| & O(104). This suggests that in order to stabilize a large num-
ber of moduli in a perturbatively-controlled regime a large flux contribution
is needed. However, this conclusion is in stark contrast to the tadpole-
cancellation condition which strongly disfavors large flux contributions.
To conclude, in order to stabilize moduli in a reliable way a large flux contribu-
tion is needed — which is however strongly restricted by the tadpole-cancellation
condition. We therefore see that moduli stabilization and model building in string
theory cannot be approached independently but have to be addressed simultane-
ously. This is a difficult task.
Limitations and future directions
We now comment on the limitations of the analysis performed in this paper and
on future directions:
• Our conclusions in this work are based on the study of a single compact-
ification space. We believe that the T6/Z2 × Z2 orientifold captures main
features of the problem, but these have to be confirmed by other examples.
We are planning to address this point in the future.
• In this work we have stabilized moduli at tree-level. Corrections to the
effective theory can usually be ignored in the weak-coupling, large-complex-
structure and large-volume regime, however, many of the obtained solutions
are not in this regime. We therefore should repeat our analysis and include
various corrections from the start, which in turn will modify the space of
solutions.
• We have found that only a small fraction of solutions stabilize moduli in
a perturbatively-controlled regime. This observation has implications for
the landscape of string vacua, in particular, it suggests that the landscape
may be smaller than naively expected. It would be desirable to make this
statement more precise.
• The SL(2,Z) duality of the axio-dilaton was broken by non-geometric Q-
fluxes. Including so-called P -fluxes will restore this duality and may help in
showing that the corresponding space of solutions is finite.
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• The contribution of orientifold planes to the tadpole-cancellation condition
could only be estimated based on known examples. It would be desirable to
have a criterium which can put a bound on the orientifold contribution for
a particular compactification space.
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A Finite number of solutions for setting II
In this appendix we follow the proof of [60,20], that for the setting of section 4.1 the
number of physically-distinct solutions is finite for fixed Q0. The important prop-
erty for showing this are the SL (2,Z) dualities of the axio-dilaton and complex-
structure moduli summarized in section 2.4. Splitting the moduli into real and
imaginary parts as
τ = τ1 + iτ2 , U = U1 + iU2 , (A.1)
we recall that the two equations (4.5) define an overdetermined cubic system for
U and therefore do not allow for a closed-form solution in the generic case. We
will now follow the lines of [60, 20] to demonstrate how a closed solution can still
be obtained for the physically relevant cases
In order for a physical solution to exist, both equations have to share a common
root with non-vanishing imaginary part. Since all coefficients are real, there exists
a second solution given by its complex conjugate and the two equations share a
common quadratic factor. The two cubic polynomials (4.5) can then be factorized
as
(rU + s)P (U) = 0 ,
(uU + v )P (U) = 0 ,
(A.2)
where P (U) defines the common quadratic factor,
P (U) = l(U)2 +mU + n , (A.3)
and the seven new variables l,m, n, r, s, u, v ∈ Z are defined by an overdetermined
system of equations
r m + s l = −3f 1 , r l = f 0 ,
r n + sm = −3f1 , s n = −f0 ,
um + v l = −3h1 , ul = h0 ,
un + vm = −3h1 , v n = −h0 .
(A.4)
The set of admissible septuples is furthermore restricted by requiring the flux
quanta to to satisfy the tadpole cancellation condition (4.7), which can be refor-
mulated as (
rv − su) (m2 − 4ln) = −3Q0 . (A.5)
As shown in [60], this condition can only be satisfied if Q0 is a multiple of three,
yielding an overall factor of 192 when taking into account the flux quantization
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conditions. Since the prefactors appearing in (A.2) are linear in U with real coef-
ficients, the two solutions with non-vanishing imaginary part can be obtained by
choosing U such that
P (U) = 0 . (A.6)
Requiring furthermore the imaginary part of U to be positive, we arrive at the
physical solutions
U =
−m+√m2 − 4ln
2l
if l > 0 and n > 0 ,
U =
−m−√m2 − 4ln
2l
if l < 0 and n < 0 .
(A.7)
The F-term equation (4.6) is linear in τ and can be solved analytically, leading to
the stabilized value
τ =
s (m+ 2lU) + r
[
n+ U (2m+ 3lU)
]
v (m+ 2lU) + u
[
n+ U (2m+ 3lU)
] . (A.8)
We will now proceed similarly to section 3.2 to show that using the dualities for
the axio-dilaton and complex-structure moduli, for fixed Q0 only a finite number
of solutions can be found. Without loss of generality we focus on the case l >
0 and n > 0, but the situation l < 0 and n < 0 is completely analogous.
• As can be read-off from the first line in (A.7), the shift symmetry (2.49) of
U gives rise to an equivalence
m ∼ m+ 2bl , b ∈ Z . (A.9)
It therefore follows that all inequivalent values of m are contained in the
range
m = −l, . . . , l − 1 . (A.10)
• Considering the boundary U2 = −12 , a minimal requirement for U to be
located in the fundamental domain FU is given by U2 ≥
√
3/2. This is
equivalent to requiring
m2 − 4ln ≤ −3l2 . (A.11)
On the other hand, both of the factors on the left-hand side of the tadpole-
cancellation condition (A.5) have to be integers, giving rise to a lower bound
m2 − 4ln ≥ −3Q0 . (A.12)
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This restricts the inequivalent values of both l and n to finite ranges
1 ≤ l ≤
√
Q0 ,
3l2 +m2
4l
≤ n ≤ 3Q
0 +m2
4l
. (A.13)
• Employing the same arguments for the axio-dilaton, one finds an additional
equivalence
s ∼ s+ bv , b ∈ Z , (A.14)
as well as upper bounds for u and v.
• The remaining degree of freedom r is fixed by the tadpole cancellation con-
dition (A.5).
The above conditions leave only a finite number of inequivalent solutions for a
fixed D3-tadpole contribution Q0.
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